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• Jets, Event Shapes, and the Strong Coupling

• Defining 1-Jettiness in DIS

• Factorization for 1-Jettiness in SCET

• Universal Nonperturbative Effects  
in DIS 1-Jettiness

• N3LL Resummed Predictions for DIS 1-Jettiness

• DIS event shapes in current and future data
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DIS Kinematics
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x! 1Limit corresponds to single collimated jet in final state 

We will look away from x = 1 at two-jet like final states 

hadronic jets and 
beam remnants

soft hadrons



Strong Coupling from Jets in DIS

C. Glasman, in the Proceedings of the Workshop 
on Precision Measurements of         [1110.0016]  

Extractions from 
exclusive jet cross 

sections have order 
10% uncertainty, 

dominated by 
theory

Improve to level 
of e+e-?

↵s



Challenges to Precision Jet Cross Sections

• Jet cross sections typically depend on 

• choice of jet algorithm

• jet sizes

• jet vetoes (for exclusive jet cross sections)

• These parameters generate a number of logarithms (non-
global logs, logs of radii R, etc.) in perturbation theory which 
are challenging to resum (NB: very recent progress!)  

• N-Jettiness: a global observable picking out N-jet final states 
by measurement of a single parameter, logs of which can be 
resummed in perturbation theory by standard RGE

e.g. Larkoski, Moult, Neill (2015-16); Chien, Hornig, CL (2015)



e+e- Thrust: high precision extraction of         
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N-jettiness

An inclusive event shape over all final state hadrons excluding more than N jets:

Stewart, Tackmann, Waalewijn (2010)

Vector       is aligned with the incoming proton beam and             with final state jets.
Final state hadrons i are grouped with the axis “closest” to it.

As              , final state contains exactly N+1 pencil-like jets (one from beam radiation).

We will look at “1-jettiness” in DIS.
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N-jettiness

An inclusive event shape over all final state hadrons excluding more than N jets:

Stewart, Tackmann, Waalewijn (2010)

Vector       is aligned with the incoming proton beam and             with final state jets.
Final state hadrons i are grouped with the axis “closest” to it.

As              , final state contains exactly N+1 pencil-like jets (one from beam radiation).

We will look at “1-jettiness” in DIS.

q1,...,N

⌧N ! 0

Center-of-momentum 
frame:
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⌧a
1

Choices for DIS 1-jettiness

(c) ⌧m
1

pT
B averaged over, pT

J = 0

qJ true jet axis

HJHB

qB = xP

q

pB

pJ

qB = xP

qJ = true jet axis

qJ is Aligned with the jet momentum,  
with no relative label transverse momentum:  

find by jet algorithm or minimization

CM frame

depends on momenta  
of final-state hadrons

q

xP � k?⇠P

pISR = (⇠ � x)P + k?
qJ = q + xP � k?

k? ⇠ Q�

[similar but not identical definition 
in Z. Kang, Mantry, Qiu (2012)]

D. Kang, CL, Stewart (2013)



⌧ b
1

(b) ⌧B
1

HJHB

q

pT
J = pT

B

qJ = q + xP

qB = xP

pB

pJ

qJ no longer exactly aligned with jet, but simpler in that q+xP 
is given only by lepton and initial-state proton momenta

CM frame

qB = xP

qJ = q + xP

same as DIS thrust  
by Antonelli, Dasgupta, Salam (1999)

q = (Q, 0, 0, Q)
qB = Qn̄z qJ = Qnz

Breit frame:

1-jettiness regions are hemispheres in Breit frame

Boost

e e0

P

HJHB

pB

pJ

Choices for DIS 1-jettiness D. Kang, CL, Stewart (2013)

[See D. Kang, CL, Stewart (2013) for a third version of 1-jettiness]



• Modern tools for high precision resummation, factorization of 
perturbative and nonperturbative effects Bauer, Fleming, Luke, Pirjol, Stewart (1999-2001)

⌦C(Q, µ)⇥

hard 
matching 

coefficient

decoupled collinear 
jet/beam functions decoupled soft 

function
collinear 

to n2

collinear 
to n1

SCET:QCD:

Power 
expansion

hard scale
µH = Q

jet/beam scale µJ,B = Q
p

⌧

soft scale µS = Q⌧

N3LLNext-to-  
Leading Log  

(NLL)

Leading 
Log (LL)

NNLL

ln�(⌧) ⇠ ↵s(ln
2 ⌧ + ln ⌧)

+ ↵2
s(ln

3 ⌧ + ln2 ⌧ + ln ⌧)

+ ↵3
s(ln

4 ⌧ + ln3 ⌧ + ln2 ⌧ + ln ⌧)

+
...

...
...

...

• RG Evolution • Resummation of large logs

Soft Collinear Effective Theory



Factorization Theorem for 1-Jettiness

Start in QCD:
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Factorization Theorem for 1-Jettiness

Match onto 2-jet operators in SCET:

d�(x, Q
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Factorization Theorem for 1-Jettiness
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jet function

beam function

soft function

hard function

Factorization Theorem for 1-Jettiness

Factor collinear and soft matrix elements:

u
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u
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Factorization Theorems for 1-Jettiness

1

�0
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: jet momentum aligned with 1-jettiness axis, decoupled from beam pT

: jet and beam pT correlated by momentum conservation

difference in two distributions is a probe of ISR pT



Factorization Theorems for 1-Jettiness
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Hard and Jet Functions

H(Q2, µ) = 1 +
↵s(µ)CF
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known to 3 loops

known to 2 loops
anomalous dimension known to 3 loops



Beam Function and PDFs
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Measure small light-cone momentum 
and transverse momentum 

of initial state radiation
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transverse momentum dependent beam function:

match onto PDF
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Generalized Beam Function to 1-loop

Tells us that PDFs should be evaluated at the beam radiation scale t

B
q

(t, x,k2
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X
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Z 1

x

d⇠
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I
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B(t, x, µ) =
Z

d

2
k?B(t, x,k2

?, µ)ordinary beam function:

now known to 2 loops; 
anomalous dimension  

known to 3 loops

Stewart, Tackmann, Waalewijn (2009)

(B)(A) (D)(C)(A) (A)

u
ud

u
ud

x

⇠

Jain, Procura, Waalewijn (2009)

Gaunt, Stahlhofen, Tackmann (2014) 



Soft Functions
• Definition of soft functions depends on 

direction of incoming/outgoing beams/jets:

See
2 = Sep

2 = Spp
2 O(↵2

s)to at least

outgoing jet:

incoming beam:

• Perturbatively, it is known that

• Nonperturbatively,  we cannot conclude anything about their equality, but…

• Soft functions for e+e- dijets, DIS 1-jettiness, and pp beam thrust:

rection of the path of the Wilson lines appearing in the matrix
elements that define them, e.g.,

Y+†n (x) = P exp

ig
Z 1

0
ds n · As(ns + x)

�

Y�n (x) = P exp
h
ig
Z 0

�1
ds n · As(ns + x)

i
,

(2)

where As = AA
s T A, T A being the generators in the fundamental

representation of SU(N). In Y+n , n is the direction of an outgoing
jet in ee or ep, while in Y�n it is the direction of an incoming
hadron beam in ep or pp. Feynman rules for gluons emitted
from the two Wilson lines in Eq. (2) are the same except for the
sign of i✏ in the eikonal propagators determining the complex
pole prescription. For example, the amplitudes for emission of
a gluon of momentum k from the eikonal lines in Eq. (2) are

A+1n = �gµ✏
n · "(k)

n · k + i✏
, A�1n = �gµ✏

n · "(k)
n · k � i✏

, (3)

where "(k) is the polarization vector for an outgoing gluon.
These di↵erences in soft Wilson lines appearing in factorization
theorems for cross sections with incoming or outgoing collinear
particles were studied extensively in [29, 30]. This subtle di↵er-
ence is enough to potentially change the result of perturbative
computations. Ignorance of whether this actually occurs or not
has so far been the roadblock to N3LL accuracy in resumming
DIS and DY event shapes. (Nonperturbatively, the three soft
functions must be assumed to be di↵erent.)

In this paper, we compare all the perturbative amplitudes that
could appear in the computation of the ee, ep, and pp soft func-
tions up toO(↵2

s). The amplitudes themselves are not dependent
on the observable being measured in the final state, so our con-
clusion is fairly generally applicable. We find that nearly all
amplitudes are transparently equal whether the particles origi-
nate from incoming or outgoing Wilson lines. The exception
is a subset of the O(g3) 1-gluon emission amplitudes, namely,
those 1-loop amplitudes containing a triple gluon vertex [(2T )
in Fig. 1], which is part of the computation of the soft gluon cur-
rent at one loop [31] (and computed to two loops in [32]). For
ee and ep these amplitudes are equal, but for pp it has the oppo-
site sign in the imaginary part. These imaginary terms cancel,
however, upon summing all products of amplitudes and their
complex conjugates that contribute to the final soft functions.

Although this result follows immediately from existing re-
sults on the 1-loop soft gluon current, the consequent equality
of the ee, ep, and pp soft functions has not be made clearly
in the literature and has not yet been used to extend resumma-
tion of ep and pp event shapes to N3LL accuracy. (See, how-
ever, preliminary results, including observation about equality
of soft functions, in [33, 34, 35].) It is one of the purposes of
this letter to make this simple, though unnoticed, observation
explicit. The results for the two-loop soft functions for e+e�
event shapes in [14, 15, 16] thus can be immediately used for
ep, pp event shapes as well. The equality of soft functions in
these three di↵erent processes, furthermore, extends to many
other observables besides event shapes.

In Sec. 2 we review the factorization theorems for event
shapes in ee, ep, and pp collisions in which the soft functions

that we study appear. In Sec. 3 we consider all possible am-
plitudes that could contribute to the soft functions at O(↵2

s), in
particular the one-loop real emission amplitude. We observe
that those are equal for ee and ep but complex conjugated for
pp, though their final contributions to the soft functions are
equal. We also consider generalization to soft functions con-
taining Wilson lines for gluon beams/jets and those with more
than two legs. In Sec. 4 we conclude. In the appendices we
summarize the final result for the hemisphere soft function, pre-
viously calculated for e+e�, and provide additional details of
some of our computations.

2. Factorization and soft functions for ee, ep, pp collisions

In this section, we review the contexts in which the three
types of soft functions we consider in this paper appear, for two-
jet event shapes in e+e� collisions, for one-jet event shapes in
DIS, and for 0-jet or beam thrust event shapes in pp collisions.

A generic way to define event shapes in any of these types of
collisions is in terms of N-jettiness [13]:

⌧N =
2

Q2 min
X

i

{qa · pi, qb · pi, q1 · pi, . . . , qN · pi} , (4)

where Q is the hard interaction scale and the qk are lightlike
4-vectors in the directions of any incoming beams a, b and N
outgoing jets. The minimum operator groups all final-state par-
ticles i into regions according to which vector qk it is closest.
An event with small ⌧N ⌧ 1 has N well-collimated jets plus
initial-state radiation (ISR) in the beam directions.

Dijet events in e+e� collisions can be probed using global
observables called event shapes [36], such as thrust ⌧ = 1 � T
[7, 37], corresponding to ⌧ = ⌧2 in Eq. (4) with no qa,b, and
q1,2 = (Q/2)(1,±ˆ

t), where Q is the center-of-mass energy of the
collision and ˆ

t is the thrust axis, the unit 3-vector that minimizes
the value of ⌧. Other event shapes can be defined by weighting
final-state particles in the two hemispheres determined by ˆ

t dif-
ferently, such as hemisphere masses [38, 39, 40], broadening
[41], and angularities [42]. Event shapes relative to the broad-
ening axis were defined in [43], and the C-parameter does not
refer to a particular axis at all [44, 45].

Event shapes can also be considered in DIS, e(k) + p(P) !
X(pX)+ e(k0), such as the 1-jettiness ⌧1, defined by Eq. (4) with
one beam direction qa and one jet direction q1. There are many
di↵erent ways to choose these in terms of the DIS kinematic
variables; several were considered in [8, 9, 46]. One, called
⌧b

1 in [9], corresponds to the DIS thrust ⌧Q defined in [10, 36],
with the choices qa = xP and q1 = q + xP, where q = k � k0,
x = Q2/(2P ·q), and Q2 = �q2. In the Breit frame this choice
divides the final state into two back-to-back hemispheres.

Finally in pp collisions, the observables beam thrust [11, 12]
or 0-jettiness ⌧0 [13] measure the collimation of hadronic final-
state particles in pp collisions along the beam directions them-
selves. They can be used, e.g., to veto jets in the central re-
gion for Drell-Yan processes pp ! `+`�X, which plays an
important role in reducing QCD backgrounds in searches for
Higgs or new physics particles. Beam thrust is defined with

2

respect to lightlike vectors na,b along the incident proton direc-
tions [13], qµa,b =

1
2 xa,bEcmna,b, where nµa,b = (1,±ẑ) ⌘ n, n̄ in

the CM frame. The 0-jettiness defined by Eq. (4) with these
vectors is related to the beam thrust ⌧B defined in [11, 12] by

⌧B = ⌧0

q
1 + q

2
T /q

2, where q2 and qT are the dilepton invariant
mass and transverse momentum, respectively.

Predictions of event shapes in QCD perturbation theory ex-
hibit logarithms ↵n

s lnk ⌧ that become large in the endpoint re-
gion ⌧! 0. In this region these logs must be summed systemat-
ically to all order in ↵s for convergent, physical results [47, 48].
Modern resummation techniques are based on factorization and
renormalization group evolution, either directly in the language
of perturbative QCD [3? ] or using the techniques of e↵ective
field theory, in this case soft collinear e↵ective theory (SCET)
[49, 50, 51, 52, 53]. Both paths lead to equivalent results in
principle, though particular implementations to a given order of
accuracy in the literature may di↵er (see [23]).

The factorization approaches lead to predictions for the e+e�,
DIS, or DY beam thrust distributions (see, e.g., [8, 9, 11, 12,
13, 23, 42, 54]) each of which takes the form of Eq. (1). In
each case there is a hard function H which is a squared Wilson
coe�cient from matching the QCD current q̄�µq onto a SCET
operator (e.g., [9, 55, 56, 57]); Jn,n̄ are jet functions (defined
in, e.g., [22, 58] and computed to O(↵s) in [59, 60] and O(↵2

s)
in [20]) dependent on the invariant mass tn,n̄ of the collinear jet;
and Bi a beam function [11, 61] dependent on the transverse vir-
tuality and/or momentum of ISR. The ⌦ convolutions in Eq. (1)
combine the jet/beam variables with the soft momentum ks in S
properly to give the value of the measured observable.

A careful demonstration of factorization must also account
for Glauber modes that potentially violate it; such arguments
for particular cross sections in QCD are given in, e.g., [1, 62,
63]; formulating these kinds of arguments in SCET is under
active development, see, e.g., [64, 65], but is not our focus here.
We begin with the factorization formulae in typical use for event
shape cross sections in QCD and SCET (citations above) and
focus on properties of the soft functions they contain.

The soft functions in Eq. (1) for these event shapes are pro-
jections of the hemisphere soft functions,

S (k, µ) =
Z

d`1d`2�(k � `1 � `2)S 2(`1, `2, µ) , (5)

where the soft function on the right-hand side has two argu-
ments, `1, `2, which are the small light-cone components of the
soft radiation in either of the two hemispheres defined by the
back-to-back collinear axes n, n̄. The soft functions are defined
in terms of a matrix element of Wilson lines that arise from a
field redefinition that decouples soft and collinear interactions
at leading power in the SCET Lagrangian [52], leading to

S 2(`1, `2, µ) =
1

NC
Tr
X

i2Xs

���hXs|T [Y±†n (0)Y±n̄ (0)] |0i
���2 (6)

⇥ �
⇣
`1�
X

i2Xs

✓(n̄ · ki�n · ki)n · ki
⌘
�
⇣
`2�
X

i2Xs

✓(n · ki�n̄ · ki)n̄ · ki
⌘
,

where the trace is in color space, NC is the number of colors,
and T denotes time-ordering. The path of the Wilson lines de-

pends on whether n, n̄ are incoming or outgoing directions. Y+†n
and Y�n were defined in Eq. (2), and the other possibilities are
obtained by taking their Hermitian conjugate and/or replacing
n ! n̄. For e+e�, both lines in Eq. (6) are +, for pp they are
both �, and for DIS they are Y+†n Y�n̄ [29, 30].

Parity and time-reversal symmetry can be used to flip the di-
rections of the Wilson lines in Eq. (6) between incoming and
outgoing [63], potentially relating the e+e� and DY soft func-
tions; however, the time-ordering prescription in Eq. (6) gets
reversed [11], foiling a potential all-orders proof of equality.

The measurements of 1-jettiness in DIS or 0-jettiness in pp
may not necessarily divide particles in the final state into back-
to-back hemispheres, but boost properties of the Wilson lines
can be used in each case to express their factorization theorems
in terms of the back-to-back hemisphere soft functions [9, 11].

The perturbative result for S ee
2 is known up to O(↵2

s) [14,
15, 16], quoted in Appendix A. The DIS and DY hemisphere
soft functions di↵er only in the direction of the Wilson lines in
Eq. (6). Now we proceed to consider the relations among them.

3. Equality of soft functions at O(↵2

s)

In this section we show equality of the soft functions for the
three cases e+e� ! dijets, DIS 1-jettiness, and pp beam thrust
at O(↵2

s). Switching the direction of a Wilson line from incom-
ing to outgoing flips the sign of the i✏ in the eikonal propagators
formed by emission/absorption of gluons, e.g. Eq. (11). This
could a↵ect the value of the diagrams. Nevertheless, we show
that the final soft functions remain equal up to O(↵2

s).
First we set up some of the notation we will use in our proof.

The perturbative computation of the soft functions in Eq. (6)
can be performed either from cut diagrams with four Wilson
lines with an appropriate measurement function along the cut
[66], or by computing amplitudes for emission of n = 0, 1, 2, . . .
particles up to the appropriate order in ↵s and performing the
phase space integrals implicit in the sum in Eq. (6). We will
take the latter approach here. The result of computing Eq. (6)
up to O(↵N

s ) in perturbation theory takes the generic form,

S 2(`1, `2) =
1

NC
Tr

NX

n=0

Z
d⇧nM(`1, `2; {kn})

X

i, j

A†j ({kn})Ai({kn}),

(7)

whereAi({kn}) is an amplitude to emit n particles with momenta
k1, . . . , kn. The sum over amplitudes i, j goes over those pairs of
amplitudes that produce the same final state with momenta {kn}
and have total order ↵N

s . Implicitly for each product of ampli-
tudes there is a sum over the spins or polarizations and colors of
the final state particles. The trace in Eq. (7) is over products of
color matrices left over in the product of amplitudes. The phase
space integration measure is given by

d⇧n =

nY

i=1

dDki

(2⇡)D 2⇡�(k2
i )✓(k0

i ) , (8)

3
Kang, Labun, CL (2015); Boughezal, Liu, Petriello (2015)

e+e-:  
DIS:  
pp:

++

��
+�



NP Corrections

• Reminder: Dokshitzer-Webber model

CL, Sterman (2006, 2007)

observable dependent,  
calculable coefficient

universal 
nonperturbative 
parameter

conjecture from single 
soft gluon emission: 
Dokshitzer, Webber 
(1995, 1997)

ce

hei = heiPT + ce
⌦1

Q

⌦1

• SCET: First rigorous proof (and field theory definition of      )  
from factorization theorem and boost invariance of soft radiation:

soft radiation sees only direction, not energy, of original collinear partons, invariant to boosts along z

⌦1

⌦1 =
1

NC
Trh0|Y †

n̄Y
†
nET (⌘)YnY n̄|0i

proof to all orders in 
soft gluon emission:

“energy flow” 
operator

(one for each of ee, ep, pp)



Momentum Flow Operators

ET (⌘)|Xi =
X

i2X

|pi
T |�(⌘ � ⌘i)|Xi

pT⌘

present argument does not rely on explicitly constructing t̂, it is nevertheless possible to do
so, as we show in Sec. 3 B 1. In Sec. 3 B 2 we argue that in SCET we can choose the thrust
axis to be in the jet direction n appearing in the two-jet current, so that no t̂ operator need
act on the final state at all.

Using the thrust axis and event shape operators t̂ and ê, we can remove all dependence
on the final state in the factor δ(e − e(X)) in Eq. (11) and can therefore perform the sum
over the complete set of final states. This gives

dσ

de
=

1

2Q2

∫

d4x eiq·x
∑

i=V,A

Li
µν ⟨0| j

µ†
i (x)δ(e − ê)jν

i (0) |0⟩ . (14)

The expression above involves a delta function of the operator ê, which requires further
comment. Heuristically this delta function is a way of treating the factorization of all
moments of ê at the same time. To see this we first define the delta function operator
δ(e − ê) through a Taylor series expansion in ê:

δ(e − ê) = δ(e) + ê δ(1)(e) + · · · +
ên

n!
δ(n)(e) + · · · . (15)

From this expression it is clear that the nth term in the series is the nth moment of the event
shape distribution. Thus if we integrate Eq. (14) against en the delta function operator on
the right picks out the nth moment of the event shape distribution.

In order to factorize this matrix element, we need to match the full theory currents onto
operators in SCET, and to construct explicitly the operator ê in SCET. The operator ET (η)
is related to the energy-momentum tensor by [30, 31]

ET (η) =
1

cosh3 η

∫ 2π

0

dφ lim
R→∞

R2

∫ ∞

0

dt n̂iT0i(t, Rn̂) . (16)

In Sec. 3 A, we will prove Eq. (16) using the energy-momentum tensor Tµν written in terms
of fields corresponding to the hadrons in the state X. In the proof of factorization below, we
will instead use its presumably equivalent form in terms of quark and gluon fields in QCD
and SCET. We are free to use either form as an operator is independent of its representation.

C. Matching onto SCET

We now match the currents and energy flow operator onto SCET. The discussion in this
section is purposely kept brief, and for more details of the techniques used and for definitions
of our notation we refer the reader to Refs. [20, 21, 28]. To reproduce the endpoint region of
the two-jet event shape distribution, we match the QCD currents jµ

i onto SCET operators
containing fields in only two collinear directions:

jµ
i (x) =

∑

n1,n2

∑

p̃1,p̃2

Cn1n2
(p̃1, p̃2; µ)On1n2

(x; p̃1, p̃2) . (17)

The operator O can depend on the label directions n1 and n2, as well as the label momenta
p̃1, p̃2. Recall that, in SCET, collinear momenta pµ

c = p̃µ + kµ are divided into a large label
piece, p̃µ = (n̄ · p̃)nµ/2 + p̃µ

⊥, and a residual piece, kµ, where n̄ · p̃ is O(Q), p̃⊥ is O(Qλ), and

6

generic form of event shapes: e(X) =
1

Q

X

i2X

fe(⌘i)|pi
T | f⌧a(⌘) = e�|⌘|(1�a)e.g. angularities

where we have defined the vector and axial currents,

jµ
i = q̄a

fΓ
µ
i q

a
f , (8)

with Γµ
V = γµ and Γµ

A = γµγ5. The leptonic tensor is given by

LV
µν = −

e4

3Q2

(

gµν −
qµqν

Q2

) [

Q2
f −

2Q2vevfQf

Q2 − M2
Z

+
Q4(v2

e + a2
e)v

2
f

(Q2 − M2
Z)2

]

(9a)

LA
µν = −

e4

3Q2

(

gµν −
qµqν

Q2

)

Q4(v2
e + a2

e)a
2
f

(Q2 − M2
Z)2

, (9b)

where fermion f has electric charge Qf in units of e, and vector and axial charges vf , af

given by

vf =
1

2 sin θW cos θW
(T 3

f − 2Qf sin2 θW ), af =
1

2 sin θW cos θW
T 3

f . (10)

In Eq. (8) a sum over colors a and flavors f is understood.
Writing the four-momentum conserving delta function as the integral of an exponential,

and using the dependence on pX in the exponential to translate one of the two currents to
the position x we can write the distribution as

dσ

de
=

1

2Q2

∑

X

∫

d4x eiq·x
∑

i=V,A

Li
µν ⟨0| j

µ†
i (x) |X⟩ ⟨X| jν

i (0) |0⟩ δ(e − e(X)) , (11)

B. Eliminating the dependence on the final state

The delta function δ(e − e(X)) restricts the sum over final states to those states giving
the same value e of the observable event shape. This means that we cannot perform the sum
over the complete set of final states. However, as we will now show, it is possible to write
the event shape e(X) as the eigenvalue of an operator acting on the final state X. This
can be achieved using the definition of the transverse energy flow operator ET (η), which was
introduced in [21]. Its action on a hadronic state X is given by

ET (η) |X⟩ =
∑

i∈X

∣

∣pT
i

∣

∣ δ(η − ηi) |X⟩ , (12)

where pT
i is the transverse momentum of the ith particle with respect to the thrust axis, and

ηi is the rapidity of the ith particle. The thrust axis is defined to be the unit vector t which
maximizes the sum

∑

i |pi · t|. In the event shapes of Eq. (1), rapidities and transverse
momenta are measured with respect to this axis. Thus implicit in the action of ET (η) on
|X⟩ is the determination of this thrust axis t(X). Using the energy flow operator we define
an operator ê, which returns the value of the event shape for a given state X,

ê |X⟩ ≡ e(X) |X⟩ =
1

Q

∫ ∞

−∞

dη fe(η)ET (η; t̂) |X⟩ , (13)

where t̂ is an operator that returns the value of the thrust axis t(X) when acting on the final
state X, and we have denoted explicitly the dependence of ET (η) on this axis. Although the

5

operator action in terms of 
transverse momentum flow operator:

construct out of energy-momentum tensor of QCD:

measures total transverse momentum  
flowing through slice of sphere at rapidity  
from collision time t=0 to detector at

|pT |
⌘

t ! 1
R ! 1

since Lagrangian of SCET factors into collinear and 
soft sectors, so does the energy-momentum tensor:

Tµ⌫ ! Tn
µ⌫ + T n̄

µ⌫ + T s
µ⌫

Belitsky, Korchemsky, Sterman (2001)
Bauer, Fleming, CL, Sterman (2008)



Proof of universality

�heis =
1

Q

Z 1

�1
d⌘ fe(⌘)

1

NC
Trh0|T [Y †

nYn̄]ET (⌘)T [Y †
n̄Yn]|0i

Lorentz boosts by rapidity 
along z:

↵⇤�1
↵ ⇤↵

Yn = P exp

h
ig

Z 1

0
ds n ·As(ns)

i
Yn

|0i |0i
ET (⌘) ET (⌘ + ↵)

�heis =
1

Q

⇢Z 1

�1
d⌘ fe(⌘)

�⇢
1

NC
Trh0|T [Y †

nYn̄]ET (0)T [Y †
n̄Yn]|0i

�

ce ⌦1

CL, Sterman (2006, 2007)

• In general NP part of soft function must be modeled and is observable-dependent:

• The universality of the first moment, however, can be proven exactly:

S(e, µ,⇤) =

Z 1

0
de0SPT(e� e0, µ)FNP(e

0,⇤)

c⌧a =
2

1� a
for e+e- scaling is obeyed well by LEP datac⌧ = 2 cC = 3⇡e.g.



Nonperturbative Soft Model Function

S(kS , µ) =
Z

dl SPT(kS � l, µ)SNP(l)

SNP (l) = f(l ��)

f(l) =
1
�

NX

n=0

cnfn

⇣ l

�

⌘
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Basis coefficients, width and gap should be fit to data for one event shape and value of Q. 
Universality allows predictions for other event shapes and values of Q.

In following results, the following 
model function will be used:

Ligeti, Stewart, Tackmann (2008)

Convolution of perturbative soft function (soft radiation)  
with nonperturbative model function (hadronization):



• Solution of RG Equations resums logs to all orders in   

• Order of logarithmic accuracy (LL, NLL, etc.) depends on 
accuracy to which anomalous dimensions and fixed-order 
matrix elements are known:

Resummation of Logs
↵s

LL 1 1

NLL 1

NNLL

N3LL

�F �F cF �[↵s]

↵s

↵s

↵s

↵s

↵2
s ↵2

s

↵2
s↵3

s ↵3
s

All* pieces now known 
for DIS 1-jettiness↵3

s ↵2
s ↵4

s↵4
s

* cusp anom. dim. only to 3 loops,  but unknown piece introduces small uncertainty 

previous accuracy for 
DIS thrust (1999)



Predictions for DIS 1-jettiness
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Preliminary: Kang, CL, Stewart (2016)Partonic only, no hadronization, MSTW 2008 PDFs,  
matched to NLO fixed order (Kang, CL, Stewart 2014):



Universal nonperturbative shift in 3 versions of DIS 1-jettiness:  

Surprising relation also to leading NP correction to jet mass in pp to 1 jet

POWER CORRECTIONS IN PP AND DIS

D. Kang, CL, I. Stewart (2013)0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.070
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ta

ds
êdta
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x=0.2
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NLO PT
NNLL PT
NNLL PT+NP

2⌦1/Q

Using factorization theorems and 
boost invariance properties of soft 

Wilson lines, can prove that:

⌦a
1 = ⌦b

1 = ⌦c
1

Boost

Stewart, Tackmann, 
Waalewijn (2014)



Experimental Coverage
Preliminary: Kang, CL, Stewart (2016)

HERA

EIC  
(high)

EIC  
(low)

existing HERA event 
shape analyses

New analyses of HERA data for 1-jettiness under way!

preliminary theoretical 
uncertainty (N3LL)



• Few percent precision now achievable for 1-jettiness at 
relatively large Q and x

• could achieve even better precision in determining strong 
coupling by fitting to many Q, x data sets.

• Data across many Q and x values also provide powerful test of 
universality of nonperturbative shift

• Lower Q data may prove useful to measure higher moments of 
nonperturbative shape functions

• Other observables? Energy-energy correlation (EEC) motivated 
suite of jet structure/substructures observables now available, 
amenable to similarly high-precision computation

Some preliminary observations

e.g. Larkoski, Moult, Neill (2014-15);  
Moult, Necib, Thaler (2016)



Summary

• We have computed 1-jettiness cross sections in DIS to N3LL 
resummed accuracy

• different versions of 1-jettiness probe ISR pT differently,  
offer a test of universality of nonpeturbative effects

• SCET provided the tools:

• to vastly improve the perturbative accuracy  
of resummed predictions

• to identify universal nonperturbative effects  
on 1-jettiness distributions

• Jets in electron-proton collisions are a powerful probe of the 
strong coupling and hadron structure, with the requisite 
theoretical work and with the right machines.
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NNNLL perturbative prediction + 
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coupling from event shapes
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FIG. 9: Theory scan for errors in pure QCD with massless quarks. The panels are a) fixed-order, b) resummation with no
nonperturbative function, c) resummation with a nonperturbative function using the MS scheme for Ω̄1 without renormalon
subtraction, d) resummation with a nonperturbative function using the R-gap scheme for Ω1 with renormalon subtraction.

caption of Tab. II. Furthermore, we always consider five
active flavors in the running and do not implement bot-
tom threshold corrections, since our lowest scale in the
profile functions (the soft scale µS) is never smaller than
6 GeV in the tail where we perform our fit.

In Fig. 9 we display the normalized thrust distribution
in the tail thrust range 0.15 < τ < 0.30 at the differ-
ent orders taking αs(mZ) = 0.114 and Ω1(R∆, µ∆) =
0.35 GeV as reference values, and neglectingmb and QED
corrections. We display the case Q = mZ where the
experimental measurements from LEP-I have the small-
est statistical uncertainties. The qualitative behavior of
the results agrees with other c.m. energies. The colored
bands represent the theoretical errors of the predictions
at the respective orders, which have been determined by
the scan method described in Sec. VI.

In Fig. 9a we show the O(αs) (light/yellow), O(α2
s)

(medium/purple) and O(α3
s) (dark/red) fixed-order

thrust distributions without summation of large loga-
rithms. The common renormalization scale is chosen
to be the hard scale µH . In the fixed-order results the
higher order corrections are quite large and our error es-
timation obviously underestimates the theoretical uncer-
tainty of the fixed-order predictions. This panel including
the error bands is very similar to the analogous figures
in Refs. [4] and [6]. This emphasizes the importance of
summing large logarithms.

In Fig. 9b the fully resummed thrust distributions at
NLL′ (yellow), NNLL (green), NNLL′ (purple), N3LL
(blue) and N3LL′ (red) order are shown, but without
implementing the soft nonperturbative function Smod

τ or
the renormalon subtractions related to the R-gap scheme.
The yellow NLL′ error band is mostly covered by the
green NNLL order band, and similarly the purple NNLL′

Compare fixed order:



e+e- Thrust: Precision extraction of         

τ
0.240.16 0.20 0.300.280.260.220.18

0.0

1.0

1.4

0.4

0.2

0.6

0.8

1.2

σ

dσ

dτ

N LL3 ’

N LL3

NNLL

NNLL

NLL

’

’

Sum Logs, with S    + gap
mod

1

Q=mZ

Abbate, Fickinger, Hoang, 
Mateu, Stewart (2010)

NNNLL perturbative prediction + 
nonperturbative soft power correction led 
to most precise extraction of strong 
coupling from event shapes

NNNLL resummed 
perturbative distribution   Becher, Schwartz (2008)

Abbate, Fickinger, Hoang, Mateu, Stewart (2010)

-7.5% shift from NP 
power corrections

Generically, better perturbative 
calculations + rigorous 
treatment of nonperturbative 
corrections gives smaller  ↵s

↵s
(2-jettiness)

21

O(αs)

O(α2

s
)

O(α3

s
)

τ
0.240.16 0.20 0.300.280.260.220.18

0.0

1.0

1.4

0.4

0.2

0.6

0.8

1.2

σ

dσ

dτ

Fixed Order

1

Q=mZ

(a)

τ
0.240.16 0.20 0.300.280.260.220.18

0.0

1.0

1.4

0.4

0.2

0.6

0.8

1.2 N LL3 ’

N LL3

NNLL

NNLL

NLL

’

’

σ

dσ

dτ

Sum Logs, no S
mod

1

Q=mZ

(b)

τ
0.240.16 0.20 0.300.280.260.220.18

0.0

1.0

1.4

0.4

0.2

0.6

0.8

1.2

σ

dσ

dτ

N LL3 ’

N LL3

NNLL

NNLL

NLL

’

’

Sum Logs, with S
mod

1

Q=mZ

(c)

τ
0.240.16 0.20 0.300.280.260.220.18

0.0

1.0

1.4

0.4

0.2

0.6

0.8

1.2

σ

dσ

dτ

N LL3 ’

N LL3

NNLL

NNLL

NLL

’

’

Sum Logs, with S    + gap
mod

1

Q=mZ

(d)

FIG. 9: Theory scan for errors in pure QCD with massless quarks. The panels are a) fixed-order, b) resummation with no
nonperturbative function, c) resummation with a nonperturbative function using the MS scheme for Ω̄1 without renormalon
subtraction, d) resummation with a nonperturbative function using the R-gap scheme for Ω1 with renormalon subtraction.

caption of Tab. II. Furthermore, we always consider five
active flavors in the running and do not implement bot-
tom threshold corrections, since our lowest scale in the
profile functions (the soft scale µS) is never smaller than
6 GeV in the tail where we perform our fit.

In Fig. 9 we display the normalized thrust distribution
in the tail thrust range 0.15 < τ < 0.30 at the differ-
ent orders taking αs(mZ) = 0.114 and Ω1(R∆, µ∆) =
0.35 GeV as reference values, and neglectingmb and QED
corrections. We display the case Q = mZ where the
experimental measurements from LEP-I have the small-
est statistical uncertainties. The qualitative behavior of
the results agrees with other c.m. energies. The colored
bands represent the theoretical errors of the predictions
at the respective orders, which have been determined by
the scan method described in Sec. VI.

In Fig. 9a we show the O(αs) (light/yellow), O(α2
s)

(medium/purple) and O(α3
s) (dark/red) fixed-order

thrust distributions without summation of large loga-
rithms. The common renormalization scale is chosen
to be the hard scale µH . In the fixed-order results the
higher order corrections are quite large and our error es-
timation obviously underestimates the theoretical uncer-
tainty of the fixed-order predictions. This panel including
the error bands is very similar to the analogous figures
in Refs. [4] and [6]. This emphasizes the importance of
summing large logarithms.

In Fig. 9b the fully resummed thrust distributions at
NLL′ (yellow), NNLL (green), NNLL′ (purple), N3LL
(blue) and N3LL′ (red) order are shown, but without
implementing the soft nonperturbative function Smod

τ or
the renormalon subtractions related to the R-gap scheme.
The yellow NLL′ error band is mostly covered by the
green NNLL order band, and similarly the purple NNLL′

Compare fixed order:
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Stewart, Tackmann, Waalewijn (2010)



Predictions for DIS 1-jettiness
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has to be small for 1-jettiness 

qB = P

qJ = k

Three choices for DIS 1-jettiness

CM frame

measures thrust in back-to-back hemispheres in Center-of-momentum frame

q = y

p
s

nz

2
� xy

p
s

n̄z

2
+

p
1� y Qn̂?

momentum transfer q itself has a nonzero transverse component:

seemingly simplest definition: in practice hardest to calculate!

HJHB

p?J = p?B + q?

qJ = kqB = P
q

(a) ⌧CM
1

pJ

pB
p?J

p?J

⌧ c
1

⌧ c
1 to be small ) 1� y ⇠ �2Restriction:

(electron momentum)



Light-Cone Directions
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Beam, Jet, and Soft Contributions
pJ

HJHB

pB

q
qB = !B

nB

2

qJ = !J
nJ

2
In each case of 1-jettiness, ⌧1 =

nJ · pJ
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+
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soft contribution: ⌧S =
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Boost to Hemisphere Soft Function
HJHB

RJ

RB

1-jettiness soft function hemisphere 
soft function

known to 2 loops 

anomalous dimension  
known to 3 loops

RJ = RB = 1

S(kJ , kB , qJ , qB , µ) =
1

NC
tr
X
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⇥ �
⇣
kB �

X
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⌘

Kang, Labun, CL (2015);  
Boughezal, Liu, Petriello (2015)
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Boost to Hemisphere Soft Function
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Transverse jet and beam momenta
Convolution between jet and beam transverse momenta:
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transverse momenta of beam and 
jet are equal and balanced

convolution over          
remains, depends on kT-
dependent beam function 

(perturbative kT)

p̃?
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Transverse jet and beam momenta
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jet function independent of beam 

integral averages over beam p̃?
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turns into ordinary beam function

difference between qJ axes for case A and B is a leading-order effect on the 
argument of beam and jet functions
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HJHB

p?J = p?B + q?
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Transverse jet and beam momenta
Convolution between jet and beam transverse momenta:
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leading order:
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